Introduction
Over one 100 years ago, Corrado Gini (1912) It is known that the Gini index can be expressed in many different forms. A recent paper on the origins of the Gini index by Ceriani and Verme (2012) reports 13 different forms that emerged in the literature since its first formulation by Corrado Gini in 1912. With some basic manipulation of these indexes, it is also possible to see that eight of these forms can be expressed as sums of individual values across a given population. This is a simple but interesting observation because it implies that these eight formulations of the Gini can potentially be used to decompose the Gini into population subgroups. For example, one could estimate the individual contribution to the Gini for all members of a given population, sum these contributions by males and females and then sum results for the two groups to obtain the overall Gini. This simple procedure would overcome the century-long issue of the Gini decomposition into population subgroups.
The problem with this approach is that the individual contribution to the Gini per se has no meaning. We cannot really talk of individual inequality. By definition, inequality is measured across a set of individuals. However, if we were able to provide a meaning and a set of desirable properties to the individual contribution to the Gini, then these individual values would become meaningful in their own right, could be added across groups and used for the Gini decomposition into population subgroup.
The paper follows this approach. We define the individual contribution to the Gini as a measure of individual diversity, we identify a set of desirable properties that this measure of individual diversity should have and we seek, among the various formulations of the individual contribution to the Gini, those formulations that satisfy these desirable properties.
We will find that only one formulation satisfies these properties and we will show how this formulation can be used for the Gini decomposition into population subgroups.
The concept of individual diversity we propose is similar to the concept of individual complaint developed by Temkin (1986) and characterized by Cowell and Ebert (2004) and the concept of individual relative deprivation developed by Yitzhaki (1979) and characterized by Ebert and Moyes (2000) . As shown by these authors, societal measures of complaint or deprivation can be seen as the sum of individual values where individual values have a meaning in themselves and are measured as the sum of income distances between one own income and the income of richer or poorer individuals. As also shown by these authors, the societal measures of complaint or deprivation have a direct algebraic link with the Gini index.
This paper builds on this literature in four respects. First, we define individual values as individual diversity. By definition, this concept does not attribute any positive or negative connotation to the individual values and, we believe, is closer to the concept of inequality that Corrado Gini had in mind. One cannot talk of individual inequality but one can talk of individual diversity and it can be reasonably argued that the sum of individual diversities in a given population is a measure of societal inequality. Second and as a consequence of the first point, we consider the full set of income distances between an individual and all other members of society. Or, in other words, we capture deprivation and satisfaction into one measure of individual diversity or inequality. Third, instead of defining a new societal index, we review the existing forms of the Gini and ask the question of whether any of these forms satisfies our quest for a measure of individual diversity. Fourth, we exploit these features to provide an exact decomposition of the Gini index into population subgroups. This is a rather different approach from the traditional decompositions of the Gini index in between and within components as originally proposed by Bhattacharaya and Mahalanobis (1967) and Pyatt (1976) .
In the next section we illustrate the diversity of Gini indices offered by the literature and 3 the different distributions of unit values that these indices imply. Section three outlines some of the desirable properties that a measure of individual diversity should have and tests which Gini satisfies these properties. Section four provides an example of the Gini decomposition by population subgroups using UK data and section five concludes.
Different Ginis
The Gini index can be written in many different forms (see Xu, 2003 and Ceriani and Verme, 2012 for reviews). In his 1912 book, Corrado Gini first proposed a measure which he called the average difference between n quantities. 3 Gini was particularly keen in showing how any distribution could be seen as a symmetric distribution where each observation had a symmetric counterpart, an aspect that became evident when he published an article that proposed a modified version of his index as a concentration ratio (Gini, 1914) . 4 The ratio proposed was equal to his original average distance between n quantities divided by twice the arithmetic mean of X. This is what today is commonly referred to as the Gini index or one-half of the Gini relative mean difference. 5
As the starting point of our analysis, we will then use the two indices introduced by Gini in 1912 but expressed in the more popular form published in 1914. Let us consider a population of N individuals, i = 1, 2, . . . , n, n ∈ N, n ≥ 3, having an income distribution X = (x 1 , x 2 , . . . , x i , . . . , x n ), where X ∈ R n ++ and x 1 ≤ x 2 ≤, . . . , ≤ x n . Then the Gini index can be expressed as:
where µ X and x M are, respectively, the arithmetic mean and the median of distribution X and M is the rank of the individual with the median income.
Since its introduction, the Gini index attracted a great amount of attention and has been reformulated in at least 13 different forms as noted in Ceriani and Verme (2012) . By reviewing these forms, we found a total of eight forms that can be expressed as sums of individual contributions and that exhibit different individual functions. These are reported in Table 1 in chronological order and expressed as sums of individual observations across the population. Kendall and Stuart (1958) and Xu (2003) . We attributed it to Kendall and Stuart (1958) but it could well have appeared before in the literature. 7 Note that all forms of index have been estimated with x ranked in ascending order. Can any of the functional forms be suitable to describe an individual measure of diversity?
This is the question we address in the next section.
[ Table 2 and Figure 1] 
Properties
As before, let us consider a population of N individuals, i = 1, 2, . . . , n, n ∈ N , where N is the class of all possible finite subsets of N with at least three elements. Each i-th individual in population N is endowed with a non-negative income x i ∈ X, where X is a generic vector of length n, and X n the class of all vector X.
Notation (x i , x −i ) denotes a relative income distribution X where individual i-th has a relative income of x i and all other j = i individuals have a relative income distribution of x −i . In the same way, (x i , x j , x −ij ) denotes a relative income distribution X where individual i-th has a relative income x i , individual j-th has a relative income x j , and all other k = i, j individuals have a relative income distribution described by x −i,j . Also, G(X) is the inequality level related to income distribution X, as measured by the relative Gini index and µ X is the mean income in distribution X.
8 See observations 7 and 8.
Definition 3.1. g i (x i , x −i ) : n∈N X n → R + is a measure of individual i diversity, such that the average of all individual diversities normalized by the mean income in the population returns the Gini coefficient:
The aim of this section is to define a set of desirable properties of this individual index of diversity.
Property 3.1 (Continuity). g i (x i , x −i ) is continuous over n∈N X n .
The first property is that the individual contribution to inequality is weakly sensitive to small changes in income values. Given that empirical data are typically affected by measurement errors, this property ensures that the individual contribution to the Gini is not very sensitive to such errors. 
The individual i-th diversity is the sum of individual i-th diversity in different subgroups of the population (where a subgroup can be constituted by a single individual).
Property 3.3 (Linear Homogeneity
If all incomes in the population are scaled by a factor λ, individual i-th diversity is scaled by the same factor.
and for 1= (1, 1, . . . , 1) ∈ R n−1 + .
Individual diversity does not change whenever all incomes are changed by the same amount λ.
Property 3.5 (Population Invariance).
If each individual in the population is replicated α-times, individual i-th diversity is unchanged.
Property 3.6 (Symmetry). For any i, j ∈ N , for any x i , x j , x j ∈ X and for any ∈ R + , such that x j = x i + and
Individual i-th diversity is unchanged if, everything else being equal, she faces another individual who is richer or poorer by . Her diversity is influenced only by the difference between her income and other incomes, regardless of satisfaction or deprivation.
Property 3.7 (Anonymity). Given any permutation π of N , such that
By imposing Anonymity only relative income levels define the individual contribution to inequality. This implies that equal relative incomes correspond to equal individual contributions to inequality. 
Decomposition by population subgroups
Historically, the decomposition of the Gini index has focused on two main areas, decomposition by income source and decomposition by within and between groups. The literature on inequality decomposition by within and between groups is rather rich. It was first proposed by Bhattacharaya and Mahalanobis (1967) and Pyatt (1976) in different contexts but both methodologies led to decompositions into within and between groups inequalities, a line of research followed by many others (see for example Blackorby, Donaldson, and Auersperg, 1981 and Cowell, 1980) . Bourguignon (1979) stated that "a decomposable inequality measure is defined as a measure such that the total inequality of a population can be broken down into a weighted average of the inequality existing within subgroups of the population and the inequality existing between them." And Shorrocks (1980) defined an additively decomposable inequality measure as "one which can be expressed as a weighted sum of the inequality values calculated for population subgroups plus the contribution aris-ing from differences between subgroups means." 9 Initially, the Gini index was not thought to be suitable for decompositions but there are now some methodologies that can be used for an exact decomposition of the Gini such as the Shapley value method (Shorrocks, 1999) .
All these contributions continued to focus on the within and between groups decomposition of the Gini.
The definition of the individual contribution to inequality presented in the previous section opens the possibility for a different form of additive decomposition by population subgroups. The individual contributions to the Gini are considered as a measure of the individual degree of diversity. When we aggregate these individual degrees of diversity across groups such as males and females, we can simply add up the individual values by group and obtain the Gini. If we take the share of Gini by group, we obtain an exact decomposition by subgroup.
As an example, let i = 1, 2, . . . , m be the set M of male individuals in the population and j = m + 1, . . . , n the set W of female individuals in the population, where M ∪ W = N . Then, the Gini index can be written as the sum of males and females individual diversities.
This decomposition is determined by both group size and within-group inequality. Groups' size being equal, the more unequal group accounts for more inequality. Groups' inequality being equal, the larger group accounts for more inequality. We consider population size and within-group inequality as equally legitimate contributors to total inequality.
To illustrate the decomposition proposed, we took a reduced sample from the 2000 British
Household Panel Survey (BHPS) restricting the population to employees age 41-50 and using as a measure of welfare income net of taxes. Table 4 reports group means and population size as well as the decomposition by groups of total inequality. We can see that men contribute to total inequality by almost 56% of the total. This is due to both 9 Both definitions can be found in the abstracts of the respective papers.
9 population size where men represent 52.7% of the total population and the within-group inequality which is higher for men.
Conclusion
The Gini individual function should take so as to represent the portion of inequality explained by each individual. Based on a set of desirable properties, we showed that only one form of function can be derived from a set of desirable properties. This is the original formulation of the Gini index as found in Kendall and Stuart (1958) . We then illustrated the use of the individual contributions to the Gini for an exact decomposition of the Gini by population subgroups. 
